A comprehensive study of the properties of light propagation through one-dimensional photonic disordered quasiperiodic superlattices, composed of alternating layers with random thicknesses of air and a dispersive metamaterial, is theoretically performed. The superlattices consist of the successive stacking of N quasiperiodic Fibonacci or Thue-Morse heterostructures. The width of the slabs in the photonic superlattice may randomly fluctuate around its mean value, which introduces a structural disorder into the system. It is assumed that the left-handed layers have a Drude-type dispersive response for both the dielectric permittivity and magnetic permeability, and Maxwell's equations are solved for oblique incidence by using the transfer-matrix formalism. The influence of both quasiperiodicity and structural disorder on the localization length and Brewster anomalies are thoroughly discussed.
I. INTRODUCTION
Wave propagation through layered media has been investigated since Lord Rayleigh's studies, by the end of the XIX century, on laminated one-dimensional (1D) structures [1] . Recently, photonic crystals, metamaterials, and plasmonics have given a new thrust to investigations on light propagation through heterostructures, due to the engineering of artificial optical materials. A typical example is a left-handed material (LHM) that exhibits negative refraction [2] . In a LHM, the phase velocity of light points to the opposite direction relative to the flow of energy in contrast with a right-handed material (RHM). LHMs have opened up new exciting possibilities in light manipulation, such as cloaking and super lenses. These LHMs also display optical magnetism in the sense that the magnetic component of the optical field plays an active role in its interaction with light. Optical magnetism has been exhibited by 1D superlattices composed of the repetition of an elementary cell consisting of a RHM-LHM double-layer (henceforth referred to as meta-stacks), bringing up features of light-matter interaction with no counterpart in RHM-RHM superlattices. To cite a few, electric-and magnetic-plasmon polaritons [3, 4] , Brewster angles in a transversal electric (TE) configuration [5] and suppression of Anderson localization in disordered periodic chains [6] [7] [8] .
As a natural extension, investigations on superlattices that alternate a RHM and a LHM according to a Fibonacci structure have demonstrated that the robust n = 0-gap, known to exist in its periodic counterpart, is also present in the Fibonacci metastack. In a periodic chain, the frequency that characterizes the n = 0-gap is obtained by choosing a unit ratio between the optical paths of alternate layers. One should note here that, in a periodic system, for equal optical paths the phase acquired in the RHM layer is exactly balanced, in average, by the phase lost in the LHM layer. Therefore, there is no light propagation. This balance in a Fibonacci metastack is achieved by choosing the golden ratio as the ratio of the optical paths of alternate layers [9] . Also, a photonic Cantor-like frequency spectrum is obtained in Fibonacci or Thue-Morse metastacks [10, 11] . Studies on both periodic and quasiperiodic metastacks have revealed further unexpected properties such as the existence of longitudinal plasmon-polariton excitations under the oblique incidence of light, due to the existence of electric and/or magnetic field components along the stacking direction. These plasmon polaritons are of electric nature in a transversal magnetic (TM) incidence configuration and of magnetic nature in a TE configuration.
A further practical consideration one should be concerned with in superlattices containing a LHM element is that LHMs are engineered from metal-dielectric structures, and the disorder-induced losses in such systems may be of considerable importance, especially in the visible range [12] . The influence of disorder on the properties of light propagation in photonic crystals has been a subject of a considerable amount of work in the last few years. Disorder affects a wide variety of its physical properties, causes multiple light scattering, originates the extinction of coherent waves propagating through the photonic structure, and leads to a dramatic change of the localization properties of the electromagnetic modes. In this sense, the Anderson localization of light in disordered photonic crystals has been widely studied both from the experimental and theoretical points of view [6] [7] [8] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Considering the richness found in quasiperiodic RHM superlattices as compared to the periodic case, the aim of the present work is to theoretically investigate the light-localization properties in disordered Fibonacci and Thue-Morse photonic metastacks as well as the influence of both the structural disorder and quasiperiodicity on the Anderson localization length. The paper is organized as follows. Section II is devoted to explain the theoretical basis of the calculations, as well as to characterize the Fibonacci and Thue-Morse heterostructures. Numerical results and discussion are presented in Sec. III, and final conclusions are given in Sec. IV.
II. THEORETICAL FRAMEWORK
Let us turn our attention to a finite 1D photonic superlattice consisting of the successive stacking, along the z direction, of N quasiperiodic Fibonacci or Thue-Morse heterostructures of order j , labeled as S j , which play the role of unit cells of the finite superlattice [11] . Each superlattice is considered to be composed by a pair of optical materials A and B, whose electric permittivities and magnetic permeabilities are given by A = μ A = 1 (air) and Drude-like metamaterial dispersion responses as [24] From the theoretical point of view, many geometrical and physical properties of the disordered system are usually determined by averaging over a sufficiently large ensemble of superlattices. Each element of the ensemble is called as a realization of the superlattice and is generated by following the procedure described above. For any geometrical or physical magnitude P associated to the superlattice, the experimental value is estimated by the average P over the considered ensemble. For instance, the averaged length is L = N (C For each realization of the superlattice, one may calculate the light-transmission coefficient. This is the ratio between the intensities of an incident beam and the resulting transmitted beam. By choosing the z axis along the stacking direction and the origin of coordinates at the left interface, we obtain the dielectric permittivity (z), the magnetic permeability μ(z), and the refractive index n(z) = √ μ(z) √ (z). Therefore, the electric-field amplitude E(z) of a monochromatic and transversal electric (TE) wave propagating through the superlattice satisfy the following differential equation
where ω is the angular frequency, q = ω c n A sin(θ ) is the component of the wave vector parallel to the interfaces and θ is the incidence angle in the medium A. A similar equation applies for the transversal magnetic (TM) waves and may be obtained from Eq. (1) by permuting μ(z) and (z) and by replacing E(z) by H (z). In the present work, we restrict the attention to TE modes.
The calculation of the transmission coefficient is performed by following the transfer-matrix procedure [11] . The transmission coefficient of TE waves is given by T = |t| 2 , where t satisfies
with Q A = ω c n A cos(θ ) and M being the transfer matrix given in Ref. [11] . Once the transmission coefficient is found for each superlattice of the ensemble, one may obtain the quantity
and the localization length ξ is given by [16, 25] 
Here the limit N → ∞ is understood as L → ∞.
III. RESULTS AND DISCUSSION
The behavior of ξ N associated with the TE electromagnetic modes, as a function of the number N of Fibonacci sequences S j (j = 2, 3, 4, 5) in the photonic superlattice, is displayed in Fig. 1 . Numerical results were obtained for ν = 5 THz, θ = π/6, 0 = 1.21, μ 0 = 1, ω e = ω m = 6π THz, a = b = 12 μm, and 100 realizations of disorder. Circles and squares correspond to = 1 μm and = 12 μm, respectively. For low and moderate values of the system size, the magnitude ξ N presents a strong dependence on the number N of unit cells. However, beyond a certain value of N , ξ N slightly oscillates around its limiting value (cf. horizontal dashed lines in Fig. 1 ). One may expect that, in the limit N → ∞, ξ N leads to the localization length within the accuracy of the numerical calculation. We have verified that such limiting value does not sensitively depend on the number of realizations (results not shown here). In that way, one is able to find a practical criterium to obtain the optima values for both the system length and the number of realizations in order to compute the localization length.
The localization length in units of the averaged system length is displayed in Fig. 2 as a function of the wave frequency. Numerical results were obtained for four different photonic heterostructures, each consisting of the corresponding stacking of a S j Fibonacci sequence. One may note from Fig. 2 the existence of different values of the wave frequency at which the localization length increases several orders of magnitude beyond the averaged system length. This fact is due to the Brewster phenomenon. It is well known that for a given electromagnetic wave, monochromatic and TE-polarized, which is incident on a nonabsorptive medium, there exists a value of the incident angle at which the reflected wave is fully suppressed. Equivalently, if the TE and monochromatic electromagnetic wave arrives at the medium with a given incidence angle, one may found a set of frequency values at which the reflected wave is suppressed. The Brewster phenomenon, which takes place also in disordered systems, leads to a transmission coefficient equal to one and, therefore, to an infinite localization length. In disordered systems, the boost of the localization length at the Brewster angle is known as Brewster anomaly. It has been shown [7, 8] that, in weakly disordered 1D systems, the frequency ω 0 and the angle θ 0 at which the Brewster anomaly occurs are related by the general expression
where
for the TE modes,
for the TM modes, and x is equal to A or B. Fig. 3. In addition, Fig. 4 displays the numerical results for the TE localization length in quasiperiodic Thue-Morse heterostructures. As in Fig. 2 , calculations in both Figs. 3 and 4 were performed for an incidence angle θ = π/6. In all cases, the calculated positions of the Brewster anomalies in the frequency spectra coincide with those predicted by Eq. (5). The above-discussed results indicate that, in 1D disordered systems, the positions of the Brewster anomalies in the frequency spectra do not depend on the degree of disorder, or on the average length of the individual layers, or on the kind of structure of the elementary cell (periodic or quasiperiodic). Now we study the asymptotical behavior of the localization length in the limit of low and high frequencies. By following previous works [6, 7] , we have calculated the localization the localization length, in units of the averaged system length, displays an oscillatory behavior. Finally, in the longwavelength regime the localization length in units of L increases as a power of λ. In the intermediate wavelength regime and for low levels of disorder, the effects of the quasiperiodicity result in an increasing on the oscillatory behavior of the localization length as the Fibonacci order j is increased. The oscillations of the localization length as a function of the wavelength are related with the presence of frequency regions at which the transmission coefficient falls. Such frequency regions actually behave as pseudogaps in the finite weakly disordered heterostructure. It is well known that the number of pseudogaps in the frequency spectrum of a Fibonacci photonic crystal increases as the Fibonacci order of the elementary cell is increased, a fact which is a consequence of the change of the long-range spatial coherence of the electromagnetic modes due to the quasiperiodicity. Therefore, an increasing of the quasiperiodic order of the elementary cell leads to an increasing of the oscillations of ξ as a function of λ. One also may note that the amplitude of such oscillations decreases as the parameter , which controls the magnitude of the structural disorder, is increased. The decay of the amplitudes of the above-described oscillations as increases is the result of an increasing of the destructive interferences of the electromagnetic waves which are multiply scattered inside the system, a physical situation in which the pseudogap structure of the frequency spectrum disappears.
Present numerical calculations of the localization length as a function of the wavelength for disordered quasiperiodic photonic superlattices qualitatively agree with previous theoretical results reported by Asatryan et al. [6] for normal incidence and disordered (in the refraction indices) systems. Numerical results displayed in Fig. 5 may be fitted by the simple expressions
and
in the short-Eq. (8) and long-wavelength Eq. (9) regimes, respectively. In the above expressions α, β, and γ are coefficients determining the asymptotic behavior of ξ . The coefficient α represents the localization length, in units of the system length, in the short wavelength limit. The characteristic wavelength β means the wavelength value at which the electromagnetic modes become delocalized. Moreover, the coefficient γ governs the power law describing the asymptotical behavior of the localization length in the long wavelength limit. We have performed a statistical analysis of the numerical data displayed in Fig. 5 . The coefficients α, β, and γ are then shown in Fig. 6 as functions of the Fibonacci order j of the elementary cell. Statistical errors have also been included as error bars. Apart from the random structural disorder imposed to the system, quasiperiodicity can also cause multiple scattering of electromagnetic waves that lead to the extinction of coherent waves propagating in the photonic heterostructure. This physical situation is manifested in a dependence of coefficients α, β, and γ with the order j of the unit cell. One may note from Fig. 6 that quasiperiodicity slightly affects the behavior of ξ/ L in the short wavelength limit. In the long wavelength limit, however, the effects of the quasiperiodicity on the localization length are more dramatic.
In addition, in all cases studied here, the coefficient γ slightly differs from the value γ = 6 predicted by Asatryan et al. [6] . We would like to stress that the localization length is determined, in part, by the frequency dependence of the magnetic permeabilities and dielectric susceptibilities corresponding to the optical materials composing the photonic superlattice. This may be of particular importance in the low-frequency limit, where the above obtained asymptotic behavior of the localization length could be affected if different dielectric and magnetic responses are chosen. In particular, long wavelength results obtained in Fig. 5 are not reliable due to the divergence of μ B as ω → 0 in the Drude-like frequency dependence of the magnetic permeability. In order to further investigate the behavior of the localization length in the limit λ → ∞, it is then advisable to consider magnetic susceptibilities corresponding to real physical systems in slabs B. As it is well known, for split-ring resonator metamaterials, the dielectric permittivity may be taken as in the Drude model, whereas the magnetic permeability may be written as [26] [27] [28] 
where γ m is the magnetic damping constant, and F < μ 0 is a positive parameter determined by the geometry of the split ring [27] . Here we have taken, for simplicity, γ m = 0. In this case, the frequency associated with the magnetic plasmon mode is related with the resonance frequency ω m by the expression incidence, the localization length does not display a powerof-λ dependence in the limit λ → ∞ and, for any value of λ, there is no suppression of Anderson localization. Present theoretical results indicate that the asymptotic behavior of ξ in the long wavelength region strongly depends on the kind of magnetic response of the metamaterial slabs. Of course, further theoretical work is required in the case of different values of the incidence angle and cases of more complicated metamaterials, with different dielectric and magnetic responses.
IV. CONCLUSIONS
Summing up, we have carried out an extensive investigation of the quasiperiodicity and structural disorder effects on the Brewster anomalies in disordered quasiperiodic photonic crystals. Numerical results indicate that the positions of the Brewster anomalies in the frequency spectra are independent of the system geometry, and are only determined by the incidence angle and dielectric and magnetic responses of the individual slabs composing the heterostructure. If Drude-like responses for both the dielectric permittivity and magnetic permeability of the metamaterial slabs are chosen, we have also shown that quasiperiodicity may affect the behavior of the localization length (ξ ) as a function of the vacuum wavelength mainly in the long-wavelength regime where ξ increases as a power of λ. For normal incidence, some values of the power of λ were computed from its corresponding numerical data via a statistical analysis, and obtained results display a slight discrepancy with the γ = 6 value predicted by Asatryan et al. [6] . Moreover, we have demonstrated that, by replacing the Drude-like magnetic permeability by a more realistic one in the long wavelength limit, the asymptotic behavior of the localization length may be dramatically modified. Therefore, the present study suggests that the asymptotic behavior of the localization length in the long wavelength region may be strongly influenced by the kind of dielectric and magnetic responses of the individual layers. Finally, we do hope the present work will contribute to stimulate further theoretical and experimental research in this area.
